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Spin current of a Dirac particle is shown to be given by the geometric phase and in terms of the
later, a closed form expression is obtained for the dissipationlessness of the spin current.
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The emerging science of spintronics is based on spin
current. Like electric charge current, the spin current
is also a macroscopic phenomenon in many body sys-
tems. However, unlike the charge, the spin is a quantum
property with no classical analogue. The dynamics that
underlies the spin current is the spin-orbit interaction
[1, 2]. An intriguing aspect of the spin transport is that
the spin current is dissipationless: sum of the oppositely
polarised spin currents does not vanish. This is an effect
of collective and coherent motion of spin in many body
dynamics with potential consequences [3]. The spin-orbit
coupling gives rise to new phenomena such as giant mag-
netoresistence and spin Hall effect and other applications
[4]. In materials such as graphene and topological in-
sulators, the electrons exhibit relativistic-like character.
These same materials are also subject of spintronics pur-
suit. The dynamics of spin-orbit interaction and the dis-
sipationless nature of spin current in many body systems
do present in the single particle description, albeit its
small magnitude. Then it is interesting to understand
the spin current and its properties from a fundamental
point of view [5–8].
A definition of spin current, in the Dirac description
of electron, is given by the Gordon decomposition which
states that the Dirac current is sum of the spatial and
spin currents [9]. While in the case of the spatial current,
the initial and final states are the same, either upper
or lower components of Dirac spinor, the spin current
involves different components of the spinor as intial and
final states. Otherwise, the spin current would vanish.
The decomposition is valid for massive electron. This
definition of spin current reflects spin-orbit coupling as
well.
The purpose of this letter is to investigate further into
the definition of spin current and its disspationless prop-
erty in the Dirac theory. We show that the spin current
is related to adiabatic evolution of the spin state giving
rise to geometric phase. Further we obtain a closed form
expression for the dissipationless of spin current in terms
of the geometric phase.
Let us consider the commutation relation between the
Dirac Hamiltonian, H = cγµpµ + mc
2 and γν (in the
∗Electronic address: arunairi@postech.ac.kr
standard notation [9])
[H, γν] = −2iσµνpµ (1)
This relation is independent of electron mass. We could
take this commutation relation writing the Hamiltonian
H and the current γν in terms of fermionic fields as well.
The result would be the same in form and content. Sub-
sequently, the equation of motion for γν is
γ˙ν =
2
~
cσµνpµ (2)
with γ˙ν refers to the time derivative. Multiplying both
sides of the eq. (2) by |ψi〉 from the right and by 〈ψj |
from the left, we get
〈ψj |γ˙
ν |ψi〉 =
2
~
c〈ψj |σ
µνpµ|ψi〉 (3)
where |ψi〉 and |ψj〉 are solutions to the Dirac equation
and the subscripts i, j refers to initial and final state.
From (2) and (3), denoting jνs = 〈ψj |σ
µνpµ|ψi〉 with the
subscript s referring to spin polarisations ±, we obtain
the spin current as
jνs = −
~
c
〈ψ˙j |γ
ν |ψi〉 (4)
The eq. (4) is an alternate definition for spin current.
Note the time derivative of |ψ〉. In the above, we used:
〈ψj |γ˙
ν |ψi〉 = d (〈ψj |γ
ν |ψi〉) /dt− 〈ψ˙j |γ
ν |ψi〉 − 〈ψj |γ
ν |ψ˙i〉
and the later two terms on the rhs are equal to one an-
other and the first one vanishes.
The RHS of the equation above (4) is determined
considering the evolution of |ψj〉 adiabatically. In non-
relativistic quantum mechanics, the adiabatic evolution
is associated with geometric phase [10] with holonomy
properties [11]. It is shown that geometric phase can
also be associated with both Klein-Gordon [12] and Dirac
fields [13]. In respect of the relativistic fermion, the ge-
ometric phase is shown to be covariant and each compo-
nent of the spinor is associated with its own phase. This
implies that the adiabatic evolution of Dirac spinor does
not result in a final state admixture positive and negative
energy components.
The evolution of |ψi〉 that is related to the geometric
phase is given by, as in the case of Schrodinger Hamilto-
nian,:
|ψ˙i〉 = U |ψi〉 (5)
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FIG. 1: Spin current as Berry curvature: A0 vs. period (time)
where
U = exp
[
−i
∫
Aµx
µ
]
(6)
The exponent
∫
Aµx
µ = φ the geometric phase associ-
ated with adiabatic evolution of |ψi〉 with the emergence
of the geometric phase as gauge field, Aµ [14]. Using (5)
and (6), the spin current expression in (4) becomes as
jν+ = −
~
c
(γν)ji 〈ψj |U
†|ψi〉 (7)
where + denotes the polarisation. Similarly, reversing
the spin direction, the corresponding spin current is
jν− = −
~
c
(γν)ji 〈ψj |U |ψi〉 (8)
The sum of the oppositely polarised currents, (7) and (8),
is then
jν+ + j
ν
− = −
~
c
(γν)ji 〈ψj |ψi〉
(
U † + U
)
(9)
The sum that does not vanish is known as dissipationless
property of the spin current:
jν+ + j
ν
− = −2
~
c
(γν)ji 〈ψj |ψi〉 cosφ (10)
This is our closed form expression for the spin current
dissipationlessness which is proportional to cosine of the
geometric phase. It is not vanishing in the limit of φ = 0.
The phase φ is function of time. Adiabatic evolution of
the fermion field along a closed loop yields the curvature
shown in the figure 1.
In conclusion, it is showed that the spin current ob-
tained out of the commutation proprties of the dirac
Hamiltonian and γν leads to an alternate definition of
spin current in terms of geometric phase and the dissipa-
tionelessness of the spin current is shown to be propor-
tional to the cosine of the geometric phase.
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